ABSTRACT State convergence is a novel scheme to control a teleoperation system in a bilateral mode. Starting from modeling an n th order teleoperation system on state space, the scheme offers a simple and elegant procedure, which requires 3n+1 design conditions to be solved in order to synchronize the master and slave systems, and to achieve the desired dynamic behavior of the teleoperation system. However, in its current form, the scheme cannot be applied in situations where more than one master and/or slave systems are involved to perform a certain task. To overcome this limitation, we first present an alpha-modified version of the standard state convergence architecture for a single-master/single-slave teleoperation system. This alpha-modified architecture is then used to develop extended state convergence architecture for a multimaster/multi-slave teleoperation system. The resulting extended state convergence architecture requires solving a set of n(k + l) + (n + 1)kl design equations to determine the control gains for synchronizing k-master and l-slave systems in a desired dynamic way. MATLAB simulations considering a one-degreeof-freedom dual-master/tri-slave teleoperation system are presented to show the efficacy of the proposed extended state convergence architecture for multilateral teleoperation systems.
I. INTRODUCTION
The advancement in technology has led to the development of autonomous robotic systems which are capable of performing a wide variety of tasks in an industrial setting. However, the performance of such systems degrades as the environment becomes richer. Thus the autonomous systems cannot be relied upon in such circumstances and the human intervention becomes necessary to perform the required task. Such human-in-the-loop systems form an important class of robotics known as teleoperation and have found diverse applications ranging from miniaturized surgical procedures to large scale industrial processes. The basic building blocks of the teleoperation systems are the human operators, master robotic systems, communication channel, slave robotic systems and the remote environments [1] . Depending upon the number of robotic systems involved to perform the desired task, teleoperation systems can be classified as either bilateral or multilateral systems. In a bilateral teleoperation system, a single master robotic system is operated by a human to conduct the task in the remote environment through the use of a single slave robotic system whereas more than one master/slave robotic systems are involved in the case of multilateral teleoperation system. In either case, the master and slave systems are physically separated and this results in a delayed communication to occur between them which can easily destabilize the whole teleoperation system when the kinesthetic links are also present. Thus in order to ensure the successful completion of the intended tasks, the stability and performance of the teleoperation systems need to be guaranteed under the force feedback from the environments [2] .
Since the bilateral teleoperation systems have been extensively studied, several algorithms are available [3] , [4] to address the stability, transparency and performance issues related to the teleoperation systems. These bilateral control approaches are now being extended by the researchers to cover the case of multilateral teleoperation systems. For instance, the passivity control based on wave variables was proposed in [5] to stabilize the bilateral teleoperation systems against any constant time delay. This algorithm has been used in a dual-master/single-slave system [17] to perform a therapeutic task where a common virtual object is manipulated by the therapist and the patient from distant locations. Another application of the wave variables in multilateral teleoperation systems can be found in [18] where the concept of a wave node is introduced which helps to connect a number of wavevariables based transmission lines originating from multimaster/multi-slave systems and the insensitivity of such a multilateral teleoperation framework to arbitrary constant time delays is shown through passivity tools. Besides passivity control, time domain passivity approach was introduced for the bilateral teleoperation systems [6] . The method helped in reducing the conservatism associated with the passivity controller through the introduction of a passivity observer which triggered the passivity controller upon the detection of active energy and resultantly the performance of the bilateral teleoperation system was shown improved. The same technique has been extended to the case of multi-master/singleslave teleoperation system in [19] , dual-master/dual-slave teleoperation system in [20] and a multi-master/multi-slave teleoperation system in [21] . The bilateral control based on the estimation of the environmental force through the use of a disturbance observer was proposed in [7] . The concept of a dual space was introduced where the position and force controls were achieved in the differential and common spaces respectively. The extension of this bilateral control scheme is discussed in [22] and [23] and a multilateral controller is derived in the same dual space. The design of a four channel bilateral controller to achieve transparency was presented in [8] . It has been modified in [24] to yield a passive four channel bilateral controller which is then applied to dual-master/single-slave and single-master/dual-slave teleoperation systems. Other algorithms which were employed to design the controllers for bilateral teleoperation systems include H-∞ optimization [9] , adaptive control [10] , sliding mode control [11] and intelligent control [12] . The applications of these control algorithms to multilateral teleoperation systems have also appeared [25] - [28] .
State convergence is another bilateral control algorithm and belongs to the class of non-passive schemes. It considers all the master-slave interactions and employs an elegant procedure to determine the control gains for the synchronization of master and slave systems. The scheme was originally proposed for linear teleoperation systems [13] and was later extended to cover the case of nonlinear teleoperation systems [14] - [16] . However, in its present form, the scheme can only be applied to teleoperation systems comprising of single-master/single-slave systems which limits its usage in situations where more than one master and/or slave systems are involved to perform a certain task. To the best of authors' knowledge, the design of a state convergence based controller for such a multi-master/multi-slave teleoperation system has not yet been discussed in the literature. To realize the multilateral controller, an alpha-modified version of the standard state convergence architecture is first proposed which is then extended to yield a more general form of the state convergence architecture required to synchronize any number of master and slave systems while achieving the desired dynamic response of the multilateral teleoperation system at the same time.
We start by presenting the alpha-modified state convergence method in section II along with simulation results. Extended state convergence architecture supported by simulation results is presented in section III. Stability analysis is given in section IV. Conclusions are drawn in section V. Throughout the paper; italic letters are used to represent the individual master and slave systems while bold letters are used in situations where more than one master and/or slave systems are involved.
II. ALPHA-MODIFIED STATE CONVERGENCE METHOD
State convergence is a novel scheme for the bilateral control of a teleoperation system. It offers advantages including the modeling of an n th order teleoperation system on state space and the simplicity of the design procedure to determine the control gains based on a solution of 3n + 1 design equations which are formed considering the autonomous behavior of the error system along with desired dynamic behavior of the closed loop teleoperation system. The standard state convergence architecture is depicted in Fig. 1 which considers the following state space model for the master and slave systems:
Where, the subscript z can be either m or s representing either master or slave systems respectively. The input and output matrices in (1) are different for different models of the teleoperation system which further result in different design conditions for the bilateral teleoperation and will be elaborated in the subsequent discussion. Various parameters defining the architecture are as follows:
F m : It is a known scalar parameter describing the force applied by the human operator over the master manipulator. G 2 : It is an unknown scalar parameter and models the influence of the force applied by the human operator over the slave manipulator.
T : It is a known scalar parameter and describes the time delay in the communication channel between the master and slave systems R s : It is an unknown n-vector and helps in transferring the motion of the master manipulator to the slave manipulator R m : It is a known n-vector which transfers the motion of the slave manipulator as it interacts with the environment to the master manipulator. The entries of this n-vector are dependant upon the modeling of the teleoperation system as well as the modeling of the slave's environment. As an example, for an 2064 VOLUME 5, 2017 environment modeled by a stiffness k e , it can be computed as R m = k f k e C s where k f is the force feedback gain.
K m : It is an unknown n-vector and describes the stabilizing gain for the master manipulator. K * s : It is an unknown n-vector and represents the stabilizing gain for the slave manipulator. It also contains the model of the environment which makes the implemental stabilizing gain to be K * s = K s + F s where K s will now act as the parameter to be determined while F s is the vector which contains the model of the environment.
Thus amongst different parameters of the state convergence architecture, K m , K s , R s and G 2 form 3n+1 parameters which need to be determined for the bilateral control of a teleoperation system. To find these unknown parameters, we need the same number of design equations which can be obtained by using the method of state convergence. However, alpha-modification to the standard state convergence architecture results in design conditions which are different from the existing ones. We, therefore, now present these design conditions for the alpha-modified state convergence architecture considering different models of the teleoperation system as was originally done by the authors of the state convergence scheme.
A. TELEOPERATION SYSTEM MODEL WITHOUT ZEROS
Let us consider the teleoperation system where the master and slave manipulators can be described by the following differential equation:
By taking the position signal y z (t) and its first n − 1 derivatives as state variables, master and slave manipulators in (2) can represented in state space form as given by (1) with FIGURE 1. State convergence architecture for single-master/single-slave teleoperation system. the following matrices:
We can write the control laws for the master and slave systems using Fig. 1 as:
The closed loop master and slave systems can be computed using (1), (4) and (5) as:
By assuming the time delay in the communication channel to be small, the time delayed terms in (6) and (7) can be replaced with their first order Taylor expansion as:
It is further assumed that operator applies a constant force onto the master system and thus the time derivative of the applied force (8) vanishes. Under these assumptions, the closed loop master and slave systems in (6)- (7) can be written as:
By eliminating · x s (t) from (9) and · x m (t) from (10), we can write the resultant master and slave systems in an augmented form as:
Where different entries in the closed loop augmented system of (11) are given as:
Where the matrices M and S are given as:
Different from the standard state convergence scheme, we introduce the following alpha-based linear transformation:
Where x e is defined as the error between the master and slave states. This error will be made to evolve as a stable autonomous system through the design procedure of the state convergence scheme. Thus, master manipulator will only be able to alpha-influence the slave manipulator as x s will approach to αx m in steady state. In other words, alpha-scaled master's states will serve as a reference for the slave's states. By taking the time-derivative of (14) and using (11)- (14), we obtain the following transformed augmented system:
Where the entries forming the transformed augmented system of (15) are:
The design guidelines of the state convergence scheme can now be employed to ensure that the slave system follows the reference set by the master system and the desired dynamic behavior of the teleoperation system is also achieved. To this end, the error between the master and slave states is first made to evolve as an autonomous system by zeroing the matrix entries ∼ B 2 and ∼ A 21 in (15). This yields the following design conditions:
The satisfaction of (17) yields a single design condition while n-number of design conditions are obtained through (18) . Now, if somehow a stable dynamics is assigned to the error system, the motion of the slave manipulator will be synchronized with the alpha-scaled motion of the master manipulator. Fortunately, after the conditions (17) and (18) are satisfied, computing the characteristic equation of the transformed augmented system (15) paves the way to achieve the objective of assigning stable dynamics to the error system. This step also helps in imposing the desired dynamic behavior to the master system and thus yields an additional 2n-number of design conditions as:
Where the matrices P and Q contain the desired dynamics for master and error systems respectively:
The equations (17)- (19) can now be solved simultaneously to determine the control gains (
Remark 1: Alpha-modified state convergence scheme is more general as compared to its standard counterpart as slave system can be influenced to a desired degree by the master system. This can be useful in applications where hand movements need to be scaled down to perform a sensitive task e.g., minimally invasive surgical procedures. Besides this, alphamodified state convergence method provides the grounds for the design of a state convergence based multi-master/multislave teleoperation system as alpha-scaled master motions can be combined to affect the slaves' motions.
Remark 2: In the alpha-modified state convergence method presented here, the desired dynamic behavior is imposed on the master system in addition to the error system. Equivalently, the desired dynamic behavior can also be assigned to the slave system along with the error system for which the design procedure is given in Appendix 1. However, with regards to the multi-master/multi-slave teleoperation system, the later procedure can only be used when equal numbers of master and slave systems are involved while the former procedure is always applicable irrespective of the number of master and slave systems. As will be seen later in the paper, this is primarily due to the imbalance between the number of unknown variables and the design conditions resulting from the proposed extended state convergence architecture.
B. TELEOPERATION SYSTEM MODEL WITH ZEROS
Let us consider the class of linear teleoperation systems where master and slave systems can be represented by the following differential equation:
Using the controller canonical approach, the teleoperation system of (21) can be converted into the state space format of (1) with the following matrices:
The control laws for the master and slave systems remain the same and thus the closed loop augmented system of (11) holds. However, a different linear transformation is introduced as:
Where E z (z = m/s) is a diagonal matrix which contains the entries of the output matrix in (22) as:
The time derivative of (23) along with (11)-(13) yields a transformed system which can be written in the form of (15) with the following matrix entries:
Where, the matrix E ms is computed as E ms = E −1 s E m . The application of state convergence procedure on (15) , (25) yields the following design conditions:
Where, the matrices P and Q are given by (20) . Please note that the equations (26)- (28) form 3n + 1 design conditions which can be solved to find the unknown parameters of alphamodified state convergence architecture. In addition to this, some extra conditions also need to be satisfied which arise from (27) as:
The failure of satisfying (29) will lead to a constant error between the alpha-scaled master and slave states.
C. SIMULATION RESULTS
To show the validity of alpha-modified state convergence scheme, simulations are carried out in MATLAB/Simulink environment on a one DoF teleoperation system. The following master and slave systems' models have been adopted from [11] :
In addition, the following parameters are considered to determine the control gains:
• Model of the environment: k e = 20Nm/rad • Time delay in the communication channel: T = 0.5s • Force feedback gain: k f = 0.1 • Desired dynamics for master and error systems: p (s) = q (s) = s 2 + 10s + 25 Since the selected master/slave system's models do not contain zeros in their differential equation representation, the design conditions in (17)-(19) will be used to determine the control gains. By selecting the influencing-factor to be α = 0.8 and solving the design conditions (17)-(19) using the MATLAB symbolic toolbox, we have found the following control gains: 
Simulations are now run under the control of system's parameters while considering the operator's force to be 0.5N and the results are depicted in Fig. 2 . It can be observed that the slave system is able to follow the reference which in this case is the alpha-scaled master system's motion. It can also be seen that the master system is exhibiting the desired dynamic response which was considered during the design phase. If the desired dynamic response is to be imposed on the slave system, the design conditions in Appendix 1 can be used to determine the 3n + 1 control gains. As an example, considering the same system parameters and with a scaling factor of α = 0.5, the following control gains are obtained through the solution of (A6)-(A8): 
The teleoperation system is now simulated under the control of new gains (33) and the results are shown in Fig. 3 . It can be observed that the slave system is able to synchronize itself with the alpha-scaled master system's motion while achieving the desired dynamic response at the same time. 
III. EXTENDED STATE CONVERGENCE ARCHITECTURE
Consider a linear teleoperation system consisting of k-master and l-slave systems. It is desired that the slave systems should follow the combined reference motion of the master systems and the desired dynamic behavior of the teleoperation system should also be achieved. To accomplish these tasks, we present extended state convergence architecture in this section which borrows its functionality from the alphamodified state convergence method i.e., it will allow that the slave systems can be influenced to a desired extent by the master systems. The proposed extended state convergence architecture is shown in Fig. 4 . It can be observed that the extended architecture considers all the possible interactions between the master and slave systems i.e., force and motion signals from all the master systems are transmitted over the communication channel to all the slave systems and the feedback from all the slave systems are provided to all the master systems. However, the master-master and slave-slave interactions are not considered in the proposed architecture. The definition of the various parameters of the proposed extended architecture is as follows:
F mj : It represents the force exerted by the j th human operator onto the j th master system. Since k-master systems are involved, the number of such known scalar parameters will be k.
G ij : It models the influence of the force in the i th slave system which is being exerted by the j th human operator onto the j th master system. Since each slave system is being influenced by every master system, the number of such unknown scalar parameters will be l × k.
R sij : It models the impact of motion signals of the j th master system in the i th slave system. It is an unknown n-vector and due to the full coupling present between the master and slave systems, the number of such unknown n-vectors will be l × k which give rise to a total of n × l × k scalar parameters.
R mij : It models the force feedback from the j th slave system to the i th master system and is given as: R mij = k f ij k ej C sj where k f ij and k ej are the corresponding force feedback gains and environment stiffness respectively. It is a known n-vector and the total number of such known vectors in a k-master/l-slave teleoperation system will be k × l.
K mj : It represents the stabilizing gain of the j th master system and is an unknown n-vector. Since we are considering k-master systems, the number of such unknown n-vectors will be k and thus there will be a total of n × k unknown scalar parameters contributed by the master systems' stabilizers.
K sj : It represents the stabilizing gain of the j th slave system and is an unknown n-vector. Since there are l-numbers of slave systems involved, the number of unknown scalar parameters will be n × l as contributed by the slave systems' stabilizers.
Thus amongst different parameters of the proposed extended state convergence architecture; G ij , R sij , K mj and K sj form n × (k + l) + (n + 1) × kl unknown scalar parameters which need to be determined in order to achieve the desired state convergence behavior between the k-master and l-slave systems. Indeed, the numbers of unknown parameters reduce to 3n + 1 when k = l = 1 which is the case of singlemaster/single-slave teleoperation system. Thus the proposed extended state convergence architecture can be considered as a more general form of the standard state convergence architecture for SISO systems. We now present the method to compute the unknown parameters of the extended state convergence architecture for the two classes of linear teleoperation systems following the lines of alpha-modified state convergence method.
A. TELEOPERATION SYSTEM MODEL WITHOUT ZEROS
Consider the family of master/slave systems where each member can be represented by the differential equation of the form (2) with the corresponding state space representation of the form (1). We will compactly represent such a family as:
Where, the subscript z either represents master (z = m) or slave (z = s) systems and various matrix entries in (34) are given as:
Please note that the subscript t in (35) represents the total number of master (t = k) or slave (t = l) systems.
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The control input for the i th master device in a multilateral teleoperation system can be written using Fig. 4 as:
The family of such k-master control laws can be compactly written as:
Where the matrix entries in (37) are given as:
We can now write the control input for the i th slave system using Fig. 4 as:
The family of such l-slave control laws can be compactly given as:
Where the matrix entries in (40) are given as:
Please note that the purpose of using the bold notations in the case of multi-master/multi-slave teleoperation system is to differentiate it from the case of single-master/single-slave teleoperation system. Further, the representation of multimaster/multi-slave teleoperation system's entities in compact form allows using the earlier gain-computing framework provided by the state convergence methodology. We now compute the closed loop master and slave systems using the knowledge of (34), (37) and (40) as:
Using the Taylor expansion with the assumption of small time delay and the constant applied force (8) 
The closed loop augmented system of (44) can be simplified in a form similar to (11) Various matrix entries in (45) are given below: 
To achieve that the l-slave systems can be alpha-influenced by the k-master systems, we introduce the following linear transformation:
x m (t) x e (t) = I nk 0 nl
Where the capital alpha matrix contains l × k alpha factors and is given as:
Please note that the linear transformation of (48) is inspired from the alpha-modified state convergence method which guarantees that the slave system tracks the alpha-scaled states of the master system. Here, a linear combination of the alphascaled k-master systems' states will act as a reference for the i th slave system. To ensure that the l-slave systems track these 2070 VOLUME 5, 2017 references in a desired dynamic way, control gains will be determined following the guidelines of alpha-modified state convergence method. By taking the time derivative of (48) and using (45)-(49), we obtain a transformed augmented system which can be written is a form similar to (15) 
The transformed system of (50) will now be used to obtain the design conditions for multi-master/multi-slave teleoperation system through the application of state convergence method. To this end, we first allow the error in (50) to evolve as an autonomous system which results in the following conditions to be satisfied:
From (52), we obtain k × l design conditions while matrix equation (53) yields n × k × l design conditions. After the behavior of error system is made autonomous, characteristic equation of (50) Where the desired dynamic behaviors of k-master and l-error systems in (54) are computed as:
Where the matrices P i and Q j contain the desired dynamic behaviors for the i th master and j th error systems respectively and are given by (20) . Please note that the expansion of (54) results in n × (k + l) design conditions. Thus a total of n×(k + l)+(n + 1)×kl design conditions are obtained from the expressions (52)-(54) which match with the number of unknown variables required to achieve the desired state convergence behavior in k-master/l-slave teleoperation system. Remark 1: Extended state convergence method for multimaster/multi-slave teleoperation system considers assigning the desired dynamic behavior to the master and error systems as opposed to the standard state convergence method for single-master/single-slave teleoperation system which imposes the desired dynamic behavior to the slave and error systems. This is done to overcome the mismatch between the number of unknown variables resulting from the proposed extended state convergence architecture and the number of design equations obtained through the standard state convergence procedure. For instance, if the standard state convergence method is used with the proposed k-master/lslave teleoperation system architecture, the number of resulting design conditions becomes kl + (l + 2) × nl which are different from the number of unknown variables in general. However, as a special case, if the numbers of master and slave systems in a multilateral teleoperation system are equal, it is not difficult to show that the same numbers of design conditions are obtained by considering either the mastererror or slave-error augmented systems. In case when the numbers of master systems are less than the slave systems, greater number of design conditions than desired are yielded by the standard state convergence method while lesser than the desired design conditions are obtained when numbers of master systems are greater than the slave systems. To determine the solution in such cases, some parameters either need to be constrained or chosen freely. In contrast, state convergence method considering the master-error augmented system is equally valid irrespective of the number of master and slave systems.
Remark 2: It is to be noted that in the proposed alphamodified and the extended state convergence methods, alpha influencing factors cannot be changed while the teleoperation is in progress. The values to these parameters can only be assigned during the design phase.
B. TELEOPERATION SYSTEM MODEL WITH ZEROS
We now consider the case of multi-master/multi-slave teleoperation system where each member of the teleoperation system can be represented by the differential equation of the form (21) . Such a family of the master/slave systems can then be represented in state space form of (34)-(35) with the corresponding matrix entries given by (22) . The control laws for the master and slave systems will remain the same as in (37) and (40) respectively. Thus the closed loop system of (45) also holds. However, a different linear transformation is introduced for such a class of teleoperation system as:
Where the matrix entries E z (z = m/s, t = k/l) in (56) are given as:
By taking the time derivative of (56) and substituting the closed loop system of (45) in the resulting dynamics, we obtain the transformed system of (50) with the following 
Where E ms is given to be E ms = E −1 s E m . The application of state convergence method to (58) yields the following design conditions:
The right hand side of (61) is computed in the same way as (55). By expanding (59)- (61), we obtain a total of n × (k + l) + (n + 1) × kl design equations which can be solved to determine the required control gains. In addition, the expansion of (60) yields additional conditions (62) which should be satisfied for the elimination of steady state error between slave and alpha-scaled master systems' states.
C. SIMULATION RESULTS
In order to validate the proposed extended state convergence method, we perform simulations considering a dualmaster/tri-slave teleoperation system where each member is modeled by the following differential equation:
Where m zi , l zi , J zi = 1 3 m zi l 2 zi and b zi are the masses, lengths, inertias and viscous-friction's coefficients of the master/slave systems respectively. By considering the small angle approximation and selecting x z1i = θ zi , x z2i = · θ zi as the state variables, the master/slave systems of (63) can be represented in state space form of (34) with the following matrix entities:
By using m m1 = 5kg, m m2 = 3kg, m s1 = 2kg, m s2 = 1kg, The other parameters of the multilateral teleoperation system are selected as:
• Force feedback gains: k fij = 0.01, ∀i = 1, 2, j = 1, 2, 3
• Desired dynamics for dual-master systems: p (s) = s 2 + 12s + 36 × s 2 + 12s + 36 • Desired dynamics for tri-error systems: q (s) = s 2 + 12s + 36 × s 2 + 12s + 36 × s 2 + 12s + 36 Please note that the force feedback gains can also be selected to include the effect of alpha-influencing factors. In this case, slave systems will reflect the alpha-scaled environmental force to the master systems as these are being alpha-influenced by the master systems. Now, since the master and slave systems (63) do not contain zeros in their differential equation representation, we will determine the control gains through the application of design conditions given in (52)-(54). Thus, by considering the aforementioned system parameters and solving the 28 design equations (52)-(54) using the MATLAB R symbolic toolbox, we obtain the control gains for the dual-master/tri-slave teleoperation system as: G 21 = 0.0170
With the control gains in (66)-(69) and considering the operator's forces to be F m1 = 1N and F m2 = 0.5N , the dual-master/tri-slave teleoperation system is simulated in MATLAB/Simulink environment and the results are shown in Figs. 5 and 6. Figure 5 presents the reference tracking results while Fig. 6 shows the control efforts for all the members of the teleoperation system. It can be seen from Fig. 5 that the references set by the master systems are being tracked by the slave systems and the desired dynamic response of the master systems is also achieved. Please note that the references for the slave systems in Fig. 5 are: x s1ref = α 11 x m1 + α 12 x m2 , x s2ref = α 21 x m1 + α 22 x m2 and x s3ref = α 31 x m1 + α 32 x m2 . Since, in some cases, it is difficult to distinguish the response of the slave systems from these reference motions (position references are shown by dotted lines while velocity references are not shown), the steady state values of the desired motions are also plotted which will further help in establishing the fact that the slave systems remain synchronized to the reference motions during the steady state. The operation of dualmaster/tri-slave teleoperation system is also evaluated under time varying operator's forces. The simulation results for this case are shown in Figs. 7 and 8. It can be seen that the slave systems are able to track the references set by the master systems.
Please note that the afore-presented simulation results consider the desired dynamic behavior for the master and error systems. If the desired response is to be assigned to the slave and error systems, then the procedure in Appendix 2 will yield 36 design conditions for the dual-master/tri-slave teleoperation system which are greater than the number of unknown variables. However, if a square teleoperation system is considered, then the said procedure will generate the same number of design conditions as the unknown variables. Therefore, we now consider a dual-master/dual-slave teleoperation system to show the applicability of the procedure where the desired dynamic behavior is to be directly assigned to the slave and error systems. The master and slave systems forming the dual-master/dual-slave teleoperation system are assumed to be given by (30) and (31) respectively. The other parameters of the teleoperation system are given as: 
With the control gains in (70)- (73), the dual-master/dualslave teleoperation system is now simulated in MATLAB/ Simulink environment under the control of constant operator forces of F m1 = 1N and F m2 = 0.5N . The resulting master and slave systems' states are plotted in Fig. 9 and the corresponding control inputs are shown in Fig. 10 . It can be seen that the slave systems are following the reference trajectories x s1ref = α 11 x m1 + α 12 x m2 and x s2ref = α 21 x m1 + α 22 x m2 , as set by the master systems while exhibiting the desired dynamic response. 
IV. STABILITY ANALYSIS
The stability of alpha-modified and extended state convergence controller is studied through a frequency domain criterion proposed in [29] which has also been used in earlier works on teleoperation systems [30] , [31] . To apply this delay independent criterion, we write the closed loop multimaster/multi-slave teleoperation system of (42) 
The closed loop teleoperation system of (74) can be repre- sented in compact form as:
The delay independent criterion of [29] for analyzing the asymptotic stability of (75) is now stated:
Lemma 1 [29] : The asymptotic stability of (75) is achieved iff all of its solutions given by the characteristic equation (76) lie in the open-left half of the complex plane.
Theorem 1 [29] : 
All unstable solutions of (76), if any, can be located in the region formed by
In order for the system (75) to maintain its asymptotic stability, it is sufficient to show that the Eigen values of A 0 +A 1 e jωT do not cross the imaginary axis for ω ∈ [−l 2 , l 2 ]. We therefore compute the real part of the maximum Eigen value of A 0 + A 1 e jωT over the range ω ∈ [−l 2 , l 2 ] for both the alpha modified single-master/single-slave and dualmaster/tri-slave teleoperation systems. The force feedback gain and the time delay in both the cases are set as 0.1 and 0.5s respectively while the environmental stiffness is varied. The result of this analysis is shown in Fig. 11 . It can be seen that the single-master/single-master teleoperation system is stable for higher values of the stiffness parameter as compared to dual-master/tri-slave teleoperation system. However, the stability of teleoperation system is improved when the time delay is reduced, as shown in Fig. 12 .
V. CONCLUSIONS
This paper has extended the state convergence based bilateral control scheme to multilateral teleoperation systems. This is achieved by first proposing an alpha-modified form of the state convergence based bilateral controller which is then extended to design the multilateral controller. The proposed multilateral controller can be applied to any k-master/l-slave n th order teleoperation system and requires the solution of n(k + l) + (n + 1)kl design equations. The obtained control gains ensure that the l-slave systems follow the references set by the k-master systems and the desired dynamic behavior of the teleoperation system is also achieved. The proposed scheme has been validated through simulations in MATLAB/Simulink environment by considering a one DoF dual-master/tri-slave teleoperation system. Future work involves the real time implementation of the proposed state convergence based multilateral controller.
APPENDIX A
By exchanging the position of master and slave systems in (11), we have the following augmented system:
Where the matrix entries are given as:
Where, M and S are given by (13) . The slave-master augmented system in (A1) will now be transformed to yield slave-error augmented system. Since the slave system is to be alpha-influenced by the master system, the following linear transformation is introduced:
The time derivative of A3 along with (A1)-(A3) yields the following transformed slave-error augmented system: 
In (A8), matrices P and Q contain the desired dynamics for slave and error systems. The equations (A6)-(A8) form 3n+1 design conditions for single-master/single-slave teleoperation system where the slave system is to be alpha-influenced by the master system and desired dynamic response is to be imposed on the slave and error systems.
APPENDIX B
The closed loop teleoperation system of (45) The various matrix entities in (B1) are found to be: The block matrix V in (B2) is found to be: 
We now introduce the following linear transformation:
x s (t) x e (t) = I nt 0 nt I nt −A x s (t) x m (t)
Where, the matrix A is given by (49). By taking the time derivative of (B4) and using (B1)-(B4), we obtain the following transformed system: The application of state convergence method on (B5) yields the following design conditions: In (B9), the matrices P and Q contain the desired dynamics of the slave and error systems respectively. From (B7)-(B9), we obtain a total of 2nt + (n + 1) × t 2 design conditions which can be solved to determine the control gains for a square multilateral teleoperation system considering the desired dynamic behavior for slave and error systems.
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